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Set Cover

Set Cover: Given a set of elements (the universe), and sets 
containing those elements, find the smallest number of sets so that 
every element of the universe is included.

Example:

𝑈 = 1, 4, 7, 8, 10

𝑆 = 1, 7, 8 , 1, 4, 7 , 7, 8 , 4, 8, 10

1, 7, 8 , 4, 8, 10 1, 4, 7 , 7, 8

✓ 



Set Cover  

Suppose the universe contains 𝑛 elements.
Before the 𝑡th iteration, some remaining set has at least 

𝑛𝑡−1

𝑂𝑃𝑇
 uncovered 

elements and the number of elements remaining after the 𝑡th iteration is:

𝑛𝑡 ≤ 𝑛𝑡−1 −
𝑛𝑡−1

𝑂𝑃𝑇
= 𝑛𝑡−1 1 −

1

𝑂𝑃𝑇
≤ 𝑛 1 −

1

𝑂𝑃𝑇

𝑡

Trust that: 1 − 𝑥 < 𝑒−𝑥 for all 𝑥 ≠ 0

𝑛𝑒−
𝑡

𝑂𝑃𝑇  ≤ 1 ⇒ 𝑡 ≥ 𝑂𝑃𝑇 ln 𝑛

So, when 𝑡 = 𝑂𝑃𝑇 ln 𝑛, 𝑛𝑡 < 1 (i.e., no elements remain). Thus, the universe 
is covered after at most 𝑡 = 𝑂𝑃𝑇 ln 𝑛 iterations.

𝑛𝑡 ≤ 𝑛 1 −
1

𝑂𝑃𝑇

𝑡

< 𝑛 𝑒−
1

𝑂𝑃𝑇

𝑡

= 𝑛𝑒−
𝑡

𝑂𝑃𝑇

⟹ 𝑨𝑳𝑮 ≤ 𝐥𝐧 𝒏 𝑶𝑷𝑻

while element of universe not included
 select Si with largest number of 

excluded elements.



Set Cover

Set Cover: Given a set of elements (the universe), and sets 
containing those elements, find the smallest number of sets so that 
every element of the universe is included.

ILP:

?



Set Cover

Set Cover: Given a set of elements (the universe), and sets 
containing those elements, find the smallest number of sets so that 
every element of the universe is included.

Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    𝑥𝑠 ∈ 0,1 , for each set 𝑠

ILP:



Set Cover

Set Cover: Given a set of elements (the universe), and sets 
containing those elements, find the smallest number of sets so that 
every element of the universe is included.

Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    𝑥𝑠 ∈ 0,1 , for each set 𝑠

Objective: min 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

Subject to: 𝑥1 + 𝑥2 ≥ 1
   𝑥2 + 𝑥4 ≥ 1
   𝑥1 + 𝑥2 + 𝑥3 ≥ 1
   𝑥1 + 𝑥3 + 𝑥4 ≥ 1
   𝑥4 ≥ 1
   𝑥1, 𝑥2, 𝑥3, 𝑥4 ∈ 0,1

Example:

𝑈 = 1, 4, 7, 8, 10

𝑆 =
1, 7, 8 , 1, 4, 7 ,

7, 8 , 4, 8, 10ILP:



Vertex Cover ILP

What is the relationship between ALG and OPT?

 σ xLP ≥
1

2
 ALG and σ xLP ≤ OPT

 ALG ≤ 2 OPT

Objective: min σ𝑖 𝑥𝑖

Subject to: 𝑥𝑖 + 𝑥𝑗 ≥ 1, for each edge 𝑒 = 𝑖, 𝑗

    0 ≤ 𝑥𝑖 ≤ 1, for each vertex 𝑖

If 𝑥𝑖 ≥
1

2
, add vertex 𝑖 

to our subset 𝑆.+

Can we use Vertex 
Cover’s rounding 

scheme?



Set Cover ILP

If 𝑥𝑠 ≥
1

2
, add set 𝑠 

to our subset 𝑆𝐴𝐿𝐺 .+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠



Set Cover ILP

Issues?

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

If 𝑥𝑠 ≥
1

2
, add set 𝑠 

to our subset 𝑆𝐴𝐿𝐺 .



Set Cover ILP

Issues?

Objective: min 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

Subject to: 𝑥1 + 𝑥2 + 𝑥3 ≥ 1
   𝑥1 + 𝑥2 + 𝑥4 ≥ 1
   𝑥1 + 𝑥3 + 𝑥4 ≥ 1
   𝑥2 + 𝑥3 + 𝑥4 ≥ 1
   𝑥1, 𝑥2, 𝑥3, 𝑥4 ∈ 0,1

𝑈 = 1, 2, 3, 4

𝑆 =
1,2,3 , 1,2,4 ,

1,3,4 , {2,3,4}

Yes, in this case 𝑥𝑠 =
1

3
, ∀𝑠 ⇒ No sets are selected (invalid solution).

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

If 𝑥𝑠 ≥
1

2
, add set 𝑠 

to our subset 𝑆𝐴𝐿𝐺 .



Set Cover ILP

?+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠



Set Cover ILP

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Concerns?



Set Cover ILP

1. What is the size of the solution?

2. What is the probability the solution is valid?

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

     

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠     
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠

      = ?
     

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠

      = σ𝑠∈𝑆 𝑥𝑠
∗, since 𝑥𝑠

∗ is probability 𝑋𝑠 = 1
     

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠

      = σ𝑠∈𝑆 𝑥𝑠
∗, since 𝑥𝑠

∗ is probability 𝑋𝑠 = 1
      = ?

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠

      = σ𝑠∈𝑆 𝑥𝑠
∗, since 𝑥𝑠

∗ is probability 𝑋𝑠 = 1
      = 𝑂𝑃𝑇𝐿𝑃

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠

      = σ𝑠∈𝑆 𝑥𝑠
∗, since 𝑥𝑠

∗ is probability 𝑋𝑠 = 1
      = 𝑂𝑃𝑇𝐿𝑃 ≤ 𝑂𝑃𝑇

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

2. What is the probability solution is valid?
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

2. What is the probability solution is valid?
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Objective: min 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4

Subject to: 𝑥1 + 𝑥2 + 𝑥3 ≥ 1
   𝑥1 + 𝑥2 + 𝑥4 ≥ 1
   𝑥1 + 𝑥3 + 𝑥4 ≥ 1
   𝑥2 + 𝑥3 + 𝑥4 ≥ 1
   𝑥1, 𝑥2, 𝑥3, 𝑥4 ∈ 0,1

𝑈 = 1, 2, 3, 4

𝑆 =
1,2,3 , 1,2,4 ,

1,3,4 , {2,3,4}



Set Cover ILP

2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 
 𝑢 is covered by 𝑆𝐴𝐿𝐺 ⇔ σ𝑆𝑢

𝑋𝑠 ≥ 1.

 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 
 𝑢 is covered by 𝑆𝐴𝐿𝐺 ⇔ σ𝑆𝑢

𝑋𝑠 ≥ 1.

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 
 𝑢 is covered by 𝑆𝐴𝐿𝐺 ⇔ σ𝑆𝑢

𝑋𝑠 ≥ 1.

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑆𝑢
(1 − 𝑥𝑠

∗), since 𝑋𝑠 independent

     

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.



Set Cover ILP

2. What is the probability solution is valid?
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    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.
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∗
, because of algebra
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, since 1 + 𝑦 ≤ 𝑒𝑦 for all 𝑦 ∈ ℝ

        = 𝑒− σ𝑆𝑢
𝑥𝑠

∗
, because of algebra

        ≤
1

𝑒
≈ 0.37, since σ𝑆𝑢

𝑥𝑠
∗ ≥ 1
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𝑥𝑠

∗
, because of algebra

        ≤
1

𝑒
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𝑥𝑠
∗ ≥ 1

Highly unlikely 𝑆𝐴𝐿𝐺  will cover all 𝑈, 
but each individual element has 
good likelihood of being covered. 
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Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
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 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.
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 𝑢 is covered by 𝑆𝐴𝐿𝐺 ⇔ σ𝑆𝑢
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≈ 0.37, since σ𝑆𝑢

𝑥𝑠
∗ ≥ 1

Highly unlikely 𝑆𝐴𝐿𝐺  will cover all 𝑈, 
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1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

+
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Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠
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∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .
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𝑋𝑠
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1. What is the size of the solution?
 Let 𝑥𝑠

∗ be the optimal solutions to the LP relaxation. 

 Define random variable 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠 = 𝐸 σ𝑠∈𝑆 𝑋𝑠 , since the rest of the 𝑋𝑠 = 0 

      = σ𝑠∈𝑆 𝐸 𝑋𝑠

      = σ𝑠∈𝑆 𝑥𝑠
∗, since 𝑥𝑠

∗ is probability 𝑋𝑠 = 1
      = 𝑂𝑃𝑇𝐿𝑃 ≤ 𝑂𝑃𝑇

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.
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𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗
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    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠
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∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
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      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
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𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

We want to show that:
 𝑨𝑳𝑮 ≤ 𝟒 𝐥𝐧 𝟒𝒏  𝑶𝑷𝑻



Set Cover ILP

Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

What is the chance that 
𝑨𝑳𝑮 ≤ 𝟒 𝐥𝐧 𝟒𝒏  𝑶𝑷𝑻 does not happen?
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

What is the chance that 
𝑨𝑳𝑮 ≤ 𝟒 𝐥𝐧 𝟒𝒏  𝑶𝑷𝑻 does not happen?

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇 ≤ Pr 𝐴𝐿𝐺 > 4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

    

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Probability some event 
happens increases as 
threshold decreases.
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇 ≤ Pr 𝐴𝐿𝐺 > 4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

    

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

𝑶𝑷𝑻 ≥ 𝑶𝑷𝑻𝑳𝑷 = σ𝒔∈𝑺 𝒙𝒔
∗ 

Probability some event 
happens increases as 
threshold decreases.



Set Cover ILP

Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇 ≤ Pr 𝐴𝐿𝐺 > 4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

    

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Markov’s Inequality:

    Pr 𝑋 ≥ 𝑎 ≤
𝐸[𝑋]

𝑎
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇 ≤ Pr 𝐴𝐿𝐺 > 4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

    
𝐸 𝐴𝐿𝐺

4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

≤

Markov’s Inequality:

    Pr 𝑋 ≥ 𝑎 ≤
𝐸[𝑋]

𝑎
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇 ≤ Pr 𝐴𝐿𝐺 > 4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

    
𝐸 𝐴𝐿𝐺

4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗ =

𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

≤

Markov’s Inequality:

    Pr 𝑋 ≥ 𝑎 ≤
𝐸[𝑋]

𝑎
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Suppose 𝑇 = ln 4𝑛, where 𝑈 = 𝑛.

1. What is the size of the solution?

 𝐸 𝐴𝐿𝐺 = 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺
𝑋𝑠

      ≤ 𝐸 σ𝑡≤𝑇 σ𝑠∈𝑆𝐴𝐿𝐺𝑡
𝑋𝑠 , since multiple iterations may select 𝑠

      = 𝑇 σ𝑠∈𝑆 𝑥𝑠
∗, by previous bound 𝐸 σ𝑠∈𝑆𝐴𝐿𝐺

𝑋𝑠 = σ𝑠∈𝑆 𝑥𝑠
∗

Thus, Pr 𝐴𝐿𝐺 > 4 ln 4𝑛 𝑂𝑃𝑇 ≤ Pr 𝐴𝐿𝐺 > 4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

    
𝐸 𝐴𝐿𝐺

4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗ =

𝑇 σ𝑠∈𝑆 𝑥𝑠
∗

4𝑇 σ𝑠∈𝑆 𝑥𝑠
∗ =

1

4

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Markov’s Inequality:

    Pr 𝑋 ≥ 𝑎 ≤
𝐸[𝑋]

𝑎

≤
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2. What is the probability solution is valid?
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 
 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

     

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 
 𝑢 is covered by 𝑆𝐴𝐿𝐺 ⇔ σ𝑆𝑢

𝑋𝑠 ≥ 1.

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑆𝑢
(1 − 𝑥𝑠

∗), since 𝑋𝑠 independent

        ≤ ς𝑆𝑢
𝑒−𝑥𝑠

∗
, since 1 + 𝑦 ≤ 𝑒𝑦 for all 𝑦 ∈ ℝ

        = 𝑒− σ𝑆𝑢
𝑥𝑠

∗
, because of algebra

        ≤
1

𝑒
≈ 0.37, since σ𝑆𝑢

𝑥𝑠
∗ ≥ 1

Highly unlikely 𝑆𝐴𝐿𝐺  will cover all 𝑈, 
but each individual element has 
good likelihood of being covered. 

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

Recall: 𝑥𝑠
∗ = optimal solutions 

          to LP relaxation

 𝑋𝑠 = ቊ
1, 𝑠 ∈ 𝑆𝐴𝐿𝐺

0, otherwise

Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

     

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover = Pr 𝑢ڂ 𝑢 not covered by 𝑆𝐴𝐿𝐺

    

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover = Pr 𝑢ڂ 𝑢 not covered by 𝑆𝐴𝐿𝐺

    

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.

Union Bound:
    Pr 𝑖ڂ 𝐴𝑖 ≤ σ𝑖 Pr 𝐴𝑖
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover = Pr 𝑢ڂ 𝑢 not covered by 𝑆𝐴𝐿𝐺

          ≤ σ𝑢 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 , by union bound
    

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.

Union Bound:
    Pr 𝑖ڂ 𝐴𝑖 ≤ σ𝑖 Pr 𝐴𝑖
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover = Pr 𝑢ڂ 𝑢 not covered by 𝑆𝐴𝐿𝐺

          ≤ σ𝑢 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 , by union bound

          ≤ σ𝑢
1

4𝑛

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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2. What is the probability solution is valid?
 Let 𝑆𝑢 be sets of 𝑆 that contain element 𝑢. 

 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺 = ς𝑡≤𝑇 Pr 𝑢 not covered by 𝑆𝐴𝐿𝐺𝑡

        ≤ ς𝑡≤𝑇
1

𝑒
, by previous bound

        =
1

𝑒𝑇 =
1

𝑒ln 4𝑛 =
1

4𝑛

Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover = Pr 𝑢ڂ 𝑢 not covered by 𝑆𝐴𝐿𝐺
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+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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Thus, Pr 𝑆𝐴𝐿𝐺 is not a cover = Pr 𝑢ڂ 𝑢 not covered by 𝑆𝐴𝐿𝐺
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1

4𝑛
= 𝑛

1

4𝑛
=

1

4

+
Objective: min σ𝑠 𝑥𝑠

Subject to: σ𝑠: 𝑢∈𝑠 𝑥𝑠 ≥ 1, for each 𝑢 ∈ 𝑈
    0 ≤ 𝑥𝑠 ≤ 1, for each set 𝑠

2 - Repeat step 1 𝑇-times, 
while adding sets to 𝑆𝐴𝐿𝐺 .

1 - Add set 𝑠 to our subset 
𝑆𝐴𝐿𝐺  with probability of 𝑥𝑠.

Suppose 𝑇 = ln 4𝑛, 
where 𝑈 = 𝑛.
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Solution is “good” (valid and 𝐴𝐿𝐺 ≤ 𝑂 ln 𝑛 𝑂𝑃𝑇) with probability ≥
9

16
≈ .56

𝐏𝐫 =
𝟑

𝟒
𝐏𝐫 =

𝟑

𝟒
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Good enough? 
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Solution is “good” (valid and 𝐴𝐿𝐺 ≤ 𝑂 ln 𝑛 𝑂𝑃𝑇) with probability ≥
9

16
≈ .56

Good enough? What if we run the algorithm two independent times?

 Probability some run is good = 1 −
7

16

2
≈ 0.81

 Three times? 1 −
7

16

3
≈ 0.92

 Four times? 1 −
7

16

4
≈ 0.96

 Ten times? 1 −
7

16

10
≈ 0.9997

I.e., Exponential improvement 1 −
7

16

𝑡
 for polynomial time work (𝑡).

High likelihood of “good” 
solution with guaranteed 

polynomial time algorithm.
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