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Graph Coloring

Family of graph problems that involve coloring vertices (or edges)
subject to various constraints.
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Note: if problem is a maximization

Max 3-Coloring problem, ALG >~ OPT

Algorithm: For each vertex, randomly assign it one of the three colors
. . 1
with probability = 3

Probability that a single edge is satisfied = g

: 1 if e is satisfied
Define X, = { -
cliNe 2e {O if e is not satisfied

2
Elx]=1(3)+0(3) =2
How many edges we expect to satisfy = E[ALG] = E|)., X.| = .. E|X,]
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= E[ALG] = —IEI > 2 OPT Sm.ce.OPT < |E| (can’t have more
3 satisfied edges than there are edges!)
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¢ = (x1 Va1 V) A VX VEZ) A(XL Vxp Vxy)
(FVFVT) (TVFVF) (TVTVT)

v v v
T T T
x1 = false \ % /

X, = true

SAT = {{¢): ¢ is a satisfiable formula}
3SAT = {{¢): ¢ is a satisfiable formula with 3 variables per clause}



Max 3-SAT

Given a 3-SAT instance (with unique variables in each clause), set
variable values so that the number of satisfied clauses is maximized.

X — {xl,xZ,xg,X4_}

(x; VX, VX)) A Vxs V) A(xgVxsgVxy,)

{true, true, false, false} = true A false A true
{true, false, true, false} — true A true A true




Max 3-SAT

Given a 3-SAT instance (with unique variables in each clause), set
variable values so that the number of satisfied clauses is maximized.

X — {xl,xZ,xg,X4_}

(x; VX, VX)) A Vxs V) A(xgVxsgVxy,)

{true, true, false, false} = true A false A true
{true, false, true, false} — true A true A true

Algorithm?



Max 3-SAT

Given a 3-SAT instance (with unique variables in each clause), set
variable values so that the number of satisfied clauses is maximized.

X — {xl,xZ,xg,X4_}

(x; VX, VX)) A Vxs V) A(xgVxsgVxy,)

{true, true, false, false} = true A false A true
{true, false, true, false} — true A true A true

Algorithm: Assign x; = true with probability 1/2.
Otherwise, set it to false.
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Algorithm: Assign x; = true with probability %
Otherwise, set it to false.

. , . 7
Probability that a clause is satisfied = o

Define 7. = 1, if clause c is satisfied
¢ 0, if clause c is not satisfied

ptz=1() oY) =

8
# clauses we expect = E[ALG] = E[Y.. Z,]
to satisfy =Y.E|Z,]
7 7
= ch — g C|



Max 3-Coloring

Algorithm: For each vertex, randomly assign it
: . 1
one of the three colors with probability = 7

Probability that a single edge is satisfied = §

Define X. = 1, if e is satisfied
© 0 if e is not satisfied

fir) =1(2) +0(2) =

3

# edges we expect = E[ALG] = E[Y, X, ]
to satisfy =Y. E[X,]
2 2

= Zeg —3 |E]

2 2
= E[ALG] =§IEI 3 OPT

Max 3-SAT

Algorithm: Assign x; = true with probability %
Otherwise, set it to false.

. , . 7
Probability that a clause is satisfied = o

Define 7. = 1, if clause c is satisfied
¢ 0, if clause c is not satisfied

ptz=1() oY) =

8
# clauses we expect = E[ALG] = E[Y.. Z,]
to satisfy =Y.E|Z,]
7 7
= ch — g C|

7 7
= E[ALG] =§|C| 2§ OPT
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Vertex Cover [LP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;

Subject to: x; + x; = 1, for each edge e = (i, j)
x; € {0, 1}, for each vertex i

Objective: min );; x;

Subject to: x; +x; = 1, for each edge e = (i, )

0 < x; <1, foreachvertex i

€ NP-Complete

Mm
B>,




Vertex Cover [LP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

If x; = 1, what should we do with vertex i?

Vertex
Selection
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Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Vertex
Selection

If x; = 1, what should we do with vertex i? Add to subset S
If x; = 0, what should we do with vertex i?



Vertex Cover [LP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Vertex
Selection

If x; = 1, what should we do with vertex i? Add to subset S
If x; = 0, what should we do with vertex i? Don’t add to subset S



Vertex Cover [LP

Vertex Cover: Given graph, find the smallest subset of vertices such
that every edge in the graph has at least one vertex in the subset.

Objective: min );; x;
Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Vertex
Selection

If x; = 1, what should we do with vertex i? Add to subset S

If x; = 0, what should we do with vertex i? Don’t add to subset S

126 . :
If x; = po what should we do with vertex i?



Vertex Cover [LP

Objective:

min )}; x;

Subjectto: x; +x; = 1, for each edge e = (i, j)

0 <x; <1, foreachvertexi

+

1 .
If x; = p add vertex i
to our subset S.



Vertex Cover [LP

Objective: min );; x;
Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Is S a vertex cover?

+

1 .
If x; = p add vertex i
to our subset S.



Vertex Cover [LP

Objective:

min )}; x;

Subjectto: x; +x; = 1, for each edge e = (i, j)

0 < x; <1, foreach vertexi

Is S a vertex cover?

Yes. For every edge, x; + x; = 1.

+

1 .
If x; = p add vertex i
to our subset S.



Vertex Cover [LP

Objective: min );; xi
Subjectto: x; + x; = 1, for each edge e = (i,))
0 <x; <1, foreachvertexi

1 .
+ If x; = p add vertex i
to our subset S.

Is S a vertex cover?
Yes. For every edge, x; + x; = 1. Thus, at least one of x; or

>_
2



Vertex Cover [LP

Objective:

min );; x;
Subjectto: x; + x; = 1, for each edge e = (i, j) +
0 <x; <1, foreachvertexi

1 .
If x; = p add vertex i
to our subset S.

Is S a vertex cover?
Yes. For every edge, x; + x; = 1. Thus, at least one of x; or

x.

J

1 . . . .
= - So for every edge, at least one of its vertices will be in S.



Vertex Cover [LP

Objective: min );; x;
Subjectto: x; + x; = 1, for each edge e = (i, j) +
0 <x; <1, foreachvertexi

1 .
If x; = p add vertex i
to our subset S.

What is the relationship between ALG = |S| and OPT?



Vertex Cover [LP

Objective: min );; x;
Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Can we bound OPT from below?

+

1 .
If x; = p add vertex i
to our subset S.



Vertex Cover [LP

Objective:
Subject to

. x; +x; = 1, for each edge e = (i, j)

min ),; X; 1 .
2i%i + If x; = -, add vertex i

0 < x; <1, foreachvertexi to our subset 5.

Can we bound OPT from below?

Let x,,» and x;, be the set of x values found by the ILP and LP



Vertex Cover [LP

Objective:
Subject to

. x; +x; = 1, for each edge e = (i, j)

min ),; X; 1 .
2i%i + If x; = -, add vertex i

to our subset S.

0 <x; <1, foreachvertexi

Can we bound OPT from below?

Let x,,» and x;, be the set of x values found by the ILP and LP

Claim: ), x,, < OPT.



Vertex Cover [LP

Objective:
Subject to

. x; +x; = 1, for each edge e = (i, j)

min ),; X; 1 .
2i%i + If x; = -, add vertex i

to our subset S.

0 < x; <1, foreach vertexi

Can we bound OPT from below?

Let x,,» and x;, be the set of x values found by the ILP and LP
Claim: ), x,, < OPT.
Proof: OPT =7



Vertex Cover [LP

Objective:
Subject to

. x; +x; = 1, for each edge e = (i, j)

min ),; X; 1 .
2i%i + If x; = -, add vertex i

to our subset S.

0 <x; <1, foreachvertexi

Can we bound OPT from below?

Let x,,» and x;, be the set of x values found by the ILP and LP
Claim: ), x,, < OPT.
Proof: OPT = ), x,,,, where x; € {0,1}...?



Vertex Cover [LP

Objective:

Subject to:

min )}; x;
x; + x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

Can we bound OPT from below?

1 .
+ If x; = p add vertex i
to our subset S.

Let x,,» and x;, be the set of x values found by the ILP and LP

Claim: ), x,, < OPT.

Proof: OPT = ), x,,, Wwhere x; € {0,1}. When x; is relaxed so
that 0 < x; < 1, this gives more possibilities to further

decrease );; x;. Thus, ), x,, < OPT.



Vertex Cover [LP

Objective: min );; xi
Subjectto: x; + x; = 1, for each edge e = (i,))
0 <x; <1, foreachvertexi

1 .
+ If x; = p add vertex i
to our subset S.

How does ), x,, relate to ALG?

_1X;, because...?
XiEX| p: XiZ3



Vertex Cover [LP

Objective: min );; xi

Subjectto: x; +x; 2
0 < x;

1, for each edge e = (i, j)

< 1, for each vertex i

1 .
+ If x; = p add vertex i
to our subset S.

How does ), x,, relate to ALG?

2 Xip =

1 xl, because it’s a subset of xp



Vertex Cover [LP

Objective:

Subject to: x; +x; = 1, for each edge e = (i, )
0 <x; <1, foreachvertexi

min )}; x;

1 .
+ If x; = p add vertex i
to our subset S.

How does ), x,, relate to ALG?

> ),

1X;, because it’s a subset of x|,
2

1
eoex. iyl 5y DECAUSE...?
l LP' l_z



Vertex Cover [LP

Objective: min );; xl

Subjectto: x; +x; 2
0 < x;

1 .
> -
1, for each edge e = (i, j) + It x; 2 7, add vertex {

< 1, for each vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xp =

;>
QX p Xi 2 Zx X, xl_l xi, because it’s a subset of x,

> ), - because each x; is at Ieast =
XiEX| p: xl_ 2



Vertex Cover [LP

Objective: min );; xl

Subjectto: x; +x; 2
0 < x;

1 .
> -
1, for each edge e = (i, j) + It x; 2 7, add vertex {

< 1, for each vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xp =

;>
QX p Xi 2 Zx X, xl_l xi, because it’s a subset of x,

> ), - because each x; is at Ieast =
XiEX| p: xl_ 2

1 1
= {xi € X p: X = E}‘




Vertex Cover [LP

Objective: min );; xl

Subjectto: x; +x; 2
0 < x;

1 .
> -
1, for each edge e = (i, j) + It x; 2 7, add vertex {

< 1, for each vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xp =

;>
QX p Xi 2 Zx X, xl_l xi, because it’s a subset of x,

> ), - because each x; is at Ieast =
XiEX| p: xl_ 2

1 1




Vertex Cover [LP

Objective: min );; xl

Subjectto: x; +x; 2
0 < x;

1 .
> -
1, for each edge e = (i, j) + It x; 2 7, add vertex {

< 1, for each vertex i

to our subset S.

How does ), x,, relate to ALG?

2 Xp =

;>
QX p Xi 2 Zx X, xl_l xi, because it’s a subset of x,

> ), - because each x; is at Ieast =
XiEX| p: xl_ 2

1 1
=~ {xi € X,p: X; 25}‘ =EALG




Vertex Cover [LP

Objective: min );; x;
Subjectto: x; + x; = 1, for each edge e = (i, j) +
0 < x; <1, foreach vertexi

1 .
If x; = p add vertex i
to our subset S.

What is the relationship between ALG and OPT?

Y Xp = ALG and ), x,, < OPT

ALG < 2 OPT
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