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Proving Optimality

X1,X2,x3 € R

X2 %, < 20 Objective: max100x; + 300x, + 150x;
Subjectto: x, < 20 A

X1 +x,+x3<40 B

2x1 +x3 <60 C

X1, %X2,X3 = 0

opt = (0,20,20)
X{  obj= 9000

2x1 +XB < 60

X3 x1+x2+x3S40

150 (constraint A) + 150 (constraint B) = 150x; + 300x, + 150x3 < 9000
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X1,X2,x3 € R

X2 %, < 20 Objective: max100x; + 300x, + 150x;
Subjectto: x, < 20 A

X1 +x,+x3<40 B

2x1 +x3 <60 C

X1, %X2,X3 = 0

opt = (0,20,20)
X{  obj= 9000

2x1 +X3 < 60

X3 x1+xZ+X3S4‘O

150 (constraint A) + 150 (constraint B) = 150x; + 300x, 4+ 150x3 < 9000
— 100x; + 300x, + 150x3 < 9000

How did we get these coefficients?



Proving Optimality

Objective: ~ max 100x; + 300x, + 150x; Multiplier | Constraint
Subjectto:  x, <20 A V1 Xy < 20
X1 +x,+x3540 B Vo X1+ x, + x3 <40
2x1 +x3 < 60 C V3 2x1 + x3 < 60
X1,X2 =0

y1(Constraint A) + y,(Constraint B) + y3(Constraint C)

Don’t worry about non-negativity
constraints for the moment.
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by negative swaps the inequality sign.
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Want to make this look like
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= because the coefficient needs to bound
the objective from above so that we get a

bound on the the objective function.

V1 +y2 > 300
Vo +y3 > 150

Y1,¥2,¥3 = 0




Proving Optimality

Objective:  max 100%; + 300x, + 150xs Multiplier | Constraint
Subjectto:  x, <20 A Y1 X, < 20
X1 +x,+x3540 B Vo X1+ x, + x3 <40
2x1 +x3 < 60 C Vs 2x; + x3 < 60

y1(Constraint A) + y,(Constraint B) + y3(Constraint C)

= Y1Xp + YoX1 + YoXo + YoX3 + 2y3%1 + y3x3 < 20y; + 40y, + 60y;3
= (y2 + 2y3)x; + (y1 + y2)x2 + (¥2 + y3)x3 < 20y, + 40y, + 60y3
— 100x; + 300x, + 150x5 < 20y, + 40y, + 60ys, If: y, + 2y = 100

So, we need to find y values that minimize this

v+ 7y, =2 300
Vo +y3 =2 150

Y1,Y2,Y3 >0




Proving Optimality

Objective: max 100x; + 300x, + 150x;

Subjectto: x, < 20 A
X1 +x,+x3540 B
le + X3 < 60 C
xX1,X2 =0

Multiplier | Constraint

V1 Xy, < 20

Vo X1+ x; +x3 <40
V3 2x1 +x3 < 60

y1(Constraint A) + y,(Constraint B) + y3(Constraint C)
= Y1X2 T Y2X1 + Y2X2 + Y2X3 + 2Y3x; + y3x3 < 20y; +40y; + 60y3
= (2 + 2y3)x1 + (1 + y2)x2 + (V2 + ¥3)x3 < 20y, + 40y, + 60y3

— 100x; + 300x, + 150x5 < 20y; + 40y, + 60ys, If: y, + 2y = 100

So, we need to find y values that minimize this

without violating any of these.:

V1 +y2 > 300
V2 +y3 > 150

—» Y1,Y2,Y3=0




Proving Optimality
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Duality

Primal
Objective: max c'x
Subjectto:Ax<b
x=0
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Objective: min by
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Dual

Objective: min —c' z

T
Subject to: Al z2>b

z>0
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Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem: The dual of a dual is the original primal.

Proof:
Objective: min b'y Objective: max -b'y Objective: min —c' z Objective: max c'z
i ATy > Subject to:-ATy < - T i A7 <
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Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy > ¢
x=0 y=0

Theorem (Weak Duality): c"x* < bTy", for all feasible solutions to the primal x¥,
and all feasible solutions to the dual y*.

Proof: I

l.e., The objective value of every feasible solution
to the primal is less than or equal to the objective
value of every feasible solution to the dual.



Duality

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy > c
x=0 y=0

Theorem (Weak Duality): c"x* < bTy", for all feasible solutions to the primal x¥,
and all feasible solutions to the dual y*.

Proof:
c'x" < (Aly")TX*

Since ATy >c



Duality

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem (Weak Duality): c"x* < bTy", for all feasible solutions to the primal x¥,
and all feasible solutions to the dual y*.

Proof:
c'x* < (ATy)X* = (y"TA)X"

Since transpose of multiplication is
multiplication of transposes (reversed)
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Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem (Weak Duality): c"x* < bTy", for all feasible solutions to the primal x¥,
and all feasible solutions to the dual y*.

Proof:
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SinceAx<b



Duality

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem (Weak Duality): c"x* < bTy", for all feasible solutions to the primal x¥,
and all feasible solutions to the dual y*.

Proof:
c™X" < (ATYy)X = (y'TAX" =y"T(AX") < y"Tb = b'y”

Since b and y are 1-dimensional vectors.

20 V1
Y1 Y2 Y3][40]1 =[20 40 60]]|)=
60 Y3
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useful tool for approximating
solutions to hard problems
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Primal Dual
Objective: max c'x Objective: min bTy
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Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem (Strong Duality): If either the primal or the dual has a finite optimal
solution, then the other does as well, and their optimal objectives are equal.

Proof: A little more complicated...
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value for the dual (primal).
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Duality

Primal Dual
Objective: max c'x Objective: min bTy
Subjectto:Ax<b Subject to: ATy >c
x=0 y=0

Theorem (Strong Duality): If either the primal or the dual has a finite optimal
solution, then the other does as well, and their optimal objectives are equal.

Consequences:

 The optimal objective value for the primal (dual) gives you the optimal
value for the dual (primal).

If one is unbounded (i.e., infinite optimal solution) the other is infeasible
(i.e., no optimal solutions).

Does not hold for integer linear programming.
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X (uw) < Ceuw), ‘v’(u, U) eE

Z(W,U,)EE x(W,’LL) o Z(U,X)EE x(u,x) — O;
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Subject to:
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Shortest Path
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Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(up) = Amount of flow on edge (u, v)

Objective: min Z(u,v)e E Cuv)X(wp)

Subject to:
Y wuw)ek Xwa) ~ Bt X = 0,
Vu eV \ {s,t}
Z(S,U)EE X(sv) — 1
Xy = 0,V(uw,v) EE

Dual

Objective: max b'y
Subject to: ATy <c

This can be derived from
standard primal/dual
definitions.



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min Z(u’v)e E Cuv) X (uw)

Subject to:
Z(W,'LL)EE x(W,‘LL) o Z(U,X)EE x(u,x) — O/
Vu eV \ {s,t}

Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subject to: ATy <c

Dual Variables?



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
Z(W,'LL)EE x(w,u) o Z('LL,X)EE x(u,x) — 01
Vu eV \ {s,t}

Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subject to: ATy <c

Y, = Conservation constraints (not s or t)
z = Source outflow constraint

Dual Variables? Each constraint

(other than non-negativity)
from the primal corresponds to
a variable in the dual.



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min Z(u’v)e E Cuv)X(wp)

Subject to:
Z(W,'LL)EE x(W,‘LL) o Z(U,X)EE x(u,x) — O/
Vu eV \ {s,t}

Z(S,V)EE X(sv) — 1
x(u,v) 2 O, V(u, V) € E

Dual

Objective: max b’y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
z = Source outflow constraint

Objective:

Objectivef



Shortest Path

Primal
Objective: min c'x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
Z(W,’LL)EE x(w,u) o Z('LL,X)EE x(u,x) — Or
Vu eV \ {s,t}

Z(S,V)EE X(sv) — 1
x(u’v) 2 O, V(u, v) € E

Dual

Objective: max b’y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
Z = Source outflow constraint

Objective: maxz

Objective? The only non-
zero b values are for the
source outflow constraint.



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
X (wa)ek Xwa) ~ Suxes Xux) = 0,
Vu eV \ {s,t}
Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
Z = Source outflow constraint

Objective: maxz
Subject to:

Constraints2 Turn columns
of A into rows of AT



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min Z(u’v)e £ Cluv)X (W)
Subject to:
Y wuw)ek Xwa) ~ Bt X = 0,
vueV\{s,t}
Z(S,V)EE X(sv) — 1
Xup) = 0, V(u,v) €EE

Dual

Objective: max b’y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
z = Source outflow constraint

Objective: maxz

Subject to:

When does x,, ,,, show up in A x?



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
X (wa)ek Xwa) ~ Luxes Xux) = 0,
Vu eV \ {s,t}
Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
Z = Source outflow constraint

Objective: maxz
Subject to:

When does x,, ,,, show up in A x?
+1 coefficient for y,,



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
X (wa)ek Xwa) ~ Suxes Xux) = 0,
Vu eV \ {s,t}
Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
Z = Source outflow constraint

Objective: maxz
Subject to:

When does x,, ,,, show up in A x?
+1 coefficient for y,,
-1 coefficient for y,,



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
X (wa)ek Xwa) ~ Suxes Xux) = 0,
Vu eV \ {s,t}
Z(S,U)EE X(sp) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subject to: ATy <c

Yy, = Conservation constraints (not s or t)
Z = Source outflow constraint

Objective: maxz
Subject to:

When does x,, ,,, show up in A x?
+1 coefficient for y,,

-1 coefficient for y,,
+1 coefficient if u = s.



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
X (wa)ek Xwa) ~ Suxes Xux) = 0,
Vu eV \ {s,t}
Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

When does x ;) show up in A x?

+1 coefficient for y,,
-1 coefficient for y,,
+1 coefficient if u = s.

Dual

Objective: max b'y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
Z = Source outflow constraint

Objective: maxz

Subject to:
Vp — Vs + 2z < C(S,v),V(S, v) EE



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min 2y, yer Cuw)X(wv)
Subject to:
X (wa)ek Xwa) ~ Suxes Xux) = 0,
Vu eV \ {s,t}
Z(S,V)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

When does x ;) show up in A x?

+1 coefficient for y,,
-1 coefficient for y,,
+1 coefficient if u = s.

Dual

Objective: max b'y
Subjectto: ATy <c

Yy, = Conservation constraints (not s or t)
z = Source outflow constraint

Objective: maxz

Subject to:
Vp — Vs + 2z < C(S,v),V(S, v) EE



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min Z(u,v)e E Cuv) X (uw)

Subject to:
Y wuw)ek Xwa) ~ Bt X = 0,
Vu eV \ {s,t}
Z(s,v)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

When does x ;) show up in A x?

+1 coefficient for y,,
-1 coefficient for y,,
+1 coefficient if u = s.

Dual

Objective: max b’y
Subject to: ATy <c

Yy, = Conservation constraints fret-s-e+t}

Z = Source outflow constraint
Objective: maxz

Subject to:
Vp — Vs + 2z < C(S,v),V(S, v) EE

We can extend the representation of
flow out/in flow of a node to s and t.



When does x ;) show up in A x?

S h O rte St Pat h +1 coefficient for y,,

-1 coefficient for y,,
+1 coefficient if u = s.

Primal Dual
Objective: min c™x Objective: max b’y
Subjectto:Ax=Db Subjectto: ATy <c
Xx=0
X(u,y) = Amount of flow on edge (u, v) vy, = Conservation constraints

N . Z = Source outflow constraint
Objective: min Z(u,v)e E Cuv) X (uw)

Objective: maxz

Subject to: |
Z(W,u)EE x(W,‘LL) — Z(U,X)EE x(u,x) — 0, SUbJeCt to:
Vu eV \ {s, t} Yo = Ys + 2= Csp), V(s,v) EE
2(sv)eE X(sw) = 1 Vo — Yu < Cup), V(u,v) EE,u 5

Xupv) = 0,V(uw,v) €E



When does x,, ;,) show up in A x?

S h O rte St Pat h +1 coefficient for y,,

-1 coefficient for y,,
+1 coefficient if u = s.

Primal Dual
Objective: min c™x Objective: max b’y
Subjectto:Ax=Db Subjectto: ATy <c
Xx=0
Xu,y) = Amount of flow on edge (u,v) vy, = Conservation constraints

N . Z = Source outflow constraint
Objective:  min X, e Cuw) X (wv)

Objective: maxz

Subject to: Edge Property
Vp — Vs + 2z < C(S,v),V(S, v) EE

Subject to:

Z(W,'LL)EE x(w,u) o Z('LL,X)EE x(u,x) — Or
Vu eV \ {s,t}

2(sv)eE X(sw) = 1 Vo — Yu < Cup), V(u,v) EE,u 5

*uv) 2 0, V(W v) €E yertex Property



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min Z(u’v)e E Cuv)X(wp)

Subject to:
Y wuw)ek Xwa) ~ Bt X = 0,
Vu eV \ {s,t}
Z(s,v)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b’y
Subject to: ATy <c

y,, = Conservation constraints
Z = Source outflow constraint

Objective: maxy; — y

Subject to:
Yo — Vs +2Z =< Cs),V(s,v) EE
Yo = Yu < Cup)y VW, v) EE,u#5



Shortest Path

Primal
Objective: min c™x
Subjectto:Ax=Db
x=0

X(u,y) = Amount of flow on edge (u, v)

Objective: min Z(u’v)e E Cuv)X(wp)

Subject to:
Y wawes Xwu) ~ Laxes Xux) = 0,
Vu eV \ {s,t}
Z(s,v)EE X(sv) — 1
Xupv) = 0,V(uw,v) €E

Dual

Objective: max b'y
Subject to: ATy <c

y,, = Conservation constraints
7 — Source L] .
Objective: maxy; — y

Subject to:

3# 38'2—26@, ,GGS,E)EE

Yo — Yu = Cuw) V(u,v) EE



Shortest Path

Primal Dual
Objective: min c™x Objective: max b’y
Subjectto:Ax=Db Subjectto: ATy <c
Xx=0
X(u,y) = Amount of flow on edge (u, v) vy, = Conservation constraints

Objective: min Z(u,v)e E Cuv) X (uw)
Objective: maxy; — yq

Subject to: |
Z(W,U)EE x(W,‘LL) o Z(U,X)EE x(u,x) — O/ SUbJeCt to:
vu e V\ {s,t}
Z(S V)EE X(s,v) = 1 Yo = Yu = C(u,v),v(u, v) EE
Xy 2 0, V(w,v) € F The rise in value between neighboring

nodes can’t exceed the cost of the node.



Shortest Path

Primal Dual
Objective: min c™x Objective: max b’y
Subjectto:Ax=Db Subjectto: ATy <c
Xx=0
X(u,y) = Amount of flow on edge (u, v) v, = Roughly, the distance from v to s.

Objective: min Z(u,v)e E Cuv) X (uw)
Objective: maxy; — yq

Subject to: |
Z(W,U)EE x(W,‘LL) o Z(U,X)EE x(u,x) — O/ SUbJeCt to:
vu e V\ {s,t}
Z(S V)EE X(s,v) = 1 Yo = Yu = C(u,v),v(u, v) EE
Xy 2 0, V(w,v) € F The rise in value between neighboring

nodes can’t exceed the cost of the node.



Shortest Path

Primal Dual
Objective: min c™x Objective: max b’y
Subjectto:Ax=Db Subjectto: ATy <c
Xx=0
X(u,y) = Amount of flow on edge (u, v) v, = Roughly, the distance from v to s.

Objective: min Z(u’v)e E Cuv) X (uw)
| Objective: maxy; — yq
Subject to:

Z(W,'LL)EE x(W,‘LL) o Z(U,X)EE x(u,x) — O/
Vu eV \ {s,t}

Z(S,V)EE X(sv) — 1

Xup) =2 0,V(u,v) EE Interpretation@

Subject to:

Yo —Yu = C(u,v):v(u; v) EE



Shortest Path

Primal Dual
Objective: min c™x Objective: max b’y
Subjectto:Ax=Db Subjectto: ATy <c
Xx=0
X(u,y) = Amount of flow on edge (u, v) v, = Roughly, the distance from v to s.

Objective: min Z(u,v)e E Cuv) X (uw)
Objective: maxy; — yq

Subject to: |
Z(W,’U,)EE x(w,u) — Z('LL,X)EE x(u,x) — O, SUbJeCt to:
vu e V\ {s,t}
Z(s V)EE X(s,v) = 1 Yo — Yu = C(u,v);v(u; V) eE,u+s
Xup) 2 0, V(W v) € F Interpretation? How far apart can | pull

s and t without exceeding edge costs.



