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Linear Programming

A very structured (details to follow) way to optimize a goal by turning knobs 
and following certain rules.

Objective Decision 
Variables

Constraints

Vertex Cover:
Goal: Select the smallest subset of vertices

Knobs: Select vertex 1? Select vertex 2?...

Rules: Every edge needs a selected vertex.
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Decision Variable (“knob”). The LP solver can 
change these values to better optimize the goal. 
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Not decision variables!!

The solver is not allowed to modify 
capacities to influence the solution
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it can to make this as good as possible.
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Good to go? 
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Good to go? No! We need rules or else 
the solver is going to become not helpful
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Constraints (“rules”). The solver is not 
allowed to break these rules.
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 𝑥𝑠𝑎 + 𝑥𝑐𝑎 − 𝑥𝑎𝑏 = 0

Constraints (“rules”). The solver is not 
allowed to break these rules.
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Any problems with this? 

Max Flow = 5
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Any problems with this? Yes! The 
solver will make some flow values 
negative to increase the max flow.

Max Flow = 5

Max Flow = 10
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Any problems with this? Yes! The 
solver will make some flow values 
negative to increase the max flow.

Max Flow = 5

Max Flow = 10

Our responsibility is to model the problem 
well enough that the solver has no choice but 
to give us the correct answer to the problem.

Unknown 
Problem

Linear 
Program

LP Solver
Optimal LP 
Var Values

Optimal 
Problem 
Solution
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Max Flow

𝑥𝑒 = Amount of flow on edge 𝑒.

Objective:    max σ𝑒∈out 𝑠 𝑥𝑒

Subject to: 𝑥𝑒 ≤ capacity𝑒, ∀𝑒 ∈ 𝐸
 σ

𝑒∈in(𝑣) 𝑥𝑒 − σ𝑒∈out 𝑣 𝑥𝑒 = 0, ∀𝑣 ∈ 𝑉 ∖ {𝑠, 𝑡}

 𝑥𝑒 ≥ 0, ∀𝑒 ∈ 𝐸
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Decision Variables:
• Real numbers = solvable in polynomial time (called LP).
• Integers = not (yet?) solvable in polynomial time 
   (called integer linear program – ILP).
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 σ
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Decision Variables:
• Real numbers = solvable in polynomial time (called LP).
• Integers = not (yet?) solvable in polynomial time 
   (called integer linear program – ILP).

Objective:
• Can be minimization or maximization.
• Must be linear combinations of 

variables 𝑥𝑖  (e.g. 𝑎1𝑥1 + ⋯ + 𝑎𝑛𝑥𝑛 for 
constants 𝑎𝑖, not 𝑎𝑖𝑥1𝑥2).
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𝑥𝑒 = Amount of flow on edge 𝑒.

Objective:    max σ𝑒∈out 𝑠 𝑥𝑒

Subject to: 𝑥𝑒 ≤ capacity𝑒, ∀𝑒 ∈ 𝐸
 σ

𝑒∈in(𝑣) 𝑥𝑒 − σ𝑒∈out 𝑣 𝑥𝑒 = 0, ∀𝑣 ∈ 𝑉 ∖ {𝑠, 𝑡}
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Constraints:
• Can be ≤, ≥, =.
• Must be linear combinations of variables.

Decision Variables:
• Real numbers = solvable in polynomial time (called LP).
• Integers = not (yet?) solvable in polynomial time 
   (called integer linear program – ILP).

Objective:
• Can be minimization or maximization.
• Must be linear combinations of 

variables 𝑥𝑖  (e.g. 𝑎1𝑥1 + ⋯ + 𝑎𝑛𝑥𝑛 for 
constants 𝑎𝑖, not 𝑎𝑖𝑥1𝑥2).
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